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ACCOMMODATION TWO-MOMENT BOUNDARY
CONDITIONS IN PROBLEMS OF THERMAL
AND ISOTHERMAL SLIP

A.V. Latyshev and A. A. Yushkanov UDC 533.72

A new model of boundary conditions which generalizes the known Cercignani boundary condition is
suggested. In this model, both the coefficient of accommodation of the tangential pulse of molecules
and the coefficient of accommodation of the next moment of the distribution function are taken into
account. The model is capable of approximating the mirror-diffuse boundary condition for the prob-
lems of dlip with an accuracy of 1% and allows for the possibility of accommodation of different
moments occurring differently on the surface. This possibility is absent in both the mirror-diffuse
boundary condition and the Cercignani condition.

The problem of boundary conditions in interaction between gas molecules and the surface of a con-
densed phase has attracted the attention of researchers over a long period of time (see, e.g., [1]). However,
despite considerable efforts, it still remains unresolved, especially for rea surfaces. In this connection, mainly
model boundary conditions are still used in calculations. The most popular is the Maxwell mirror-diffuse
boundary condition. For the problems of dlip of gases, all parameters of reflected molecules are determined
by one quantity — the coefficient of accommodation of a tangential pulse.

By and large, the Maxwell model boundary conditions have shown good performance in solving spe-
cific problems [2]. At the same time, they possess a number of drawbacks. On the one hand, they are not
entirely general, since it is obvious that one parameter is clearly insufficient for describing the process of
scattering of molecules by the surface. On the other hand, they are not convenient enough for some of the
approaches in the kinetic theory. This was the reason for the attempts at generalization of the Maxwell
boundary conditions [3, 4]. The approach of Cercignani is most convenient for analytical methods of solution
of kinetic equations. Conditions similar to Cercignani’s boundary condition for problems of dip are also used
in the problem of evaporation and temperature jump (with account for the coefficient of evaporation and ac-
commodation of energy [2]). Unfortunately, Cercignani’s boundary condition is not very adaptable to the
process of scattering of gas molecules by the surface. For example, in this approach, the velocity of thermal
dip of a gas does not depend at all on the coefficient of accommodation of the tangential pulse of gas mole-
cules.

For linearized problems of dlip, the distribution function can be sought in the form f = fo(1 +¢) [2,
3]. We introduce the Cartesian coordinate system with center on the boundary of a half-space, with the x axis
being directed into the gas and the y axis directed along the gas flow. On the surface, the boundary condition
must be imposed on the distribution function. Cercignani suggested it in the following form [4]:

¢ (0,c)=2dic,, ¢,>0.

It is an aternative to the mirror-diffuse one and alows for the possibility of partially retaining information
by reflected molecules on the distribution function of incident molecules. The case d; = O corresponds to
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purely diffuse reflection of molecules from the wall. As follows from the results of [4], the parameter d; and
the respective coefficient of accommodation ¢; lead to the same result as the coefficient of specular reflection
in the Kramers problem.

The value of d; is determined from the requirement that the coefficient of accommodation of the
tangential pulse of molecules be equa to q; (0<q; <1); g; can be found from the relation

0 O 0 0
3 3
1-g,=- EI fe,c,d CE/EI fe,c,d CE. @
> 0 < 0
20 1 B 0
In this paper, we study the generalized boundary condition on the surface, which makes it possible to

take into account not only the coefficient of accommodation of the tangential pulse of molecules but also the
next moment of the distribution function. This boundary condition has the form

¢ (0, ¢) =2d;c, +2d,c,0,, C>0. (2

Here the quantities d; and d, are determined from the requirement that the coefficient of accommodation of
the tangential pulse of molecules and the next moment of the distribution function be equa to q; and oo
(0< g <1) respectively, where q; is determined from relation (1) and the following equality holds for op:

0 O 0 O
1-0q,= EI fc)z(cyd3cE/ EI fc)z(cydgc% ©)
%0 g
It is reasonable to refer to relation (2) as the diffuse-moment boundary condition of second order.
From this point of view, Cercignani’s condition (1) is the diffuse-moment boundary condition of first order.
In what follows, we consider two classica problems of the kinetic theory — that of isothermal (the
Kramers problem) and thermal dlip. A half-space occupied by a gas is studied. Far from the wall, the gradient
of mass velocity k,, which causes isothermal slip of the gas aong the plane surface, is specified. In the prob-
lem of thermal dip away from the surface, the logarithmic gradient of temperature kr that causes thermal dlip
of the gas is adopted. In both problems, the velocity of dip ug is to be found.
Isothermal Slip. As is known [5], the function ¢ can be sought in the form ¢ = c(x, y) (U = Cy).
Then, using the relaxation kinetic equation, we obtain that the Kramers problem boils down to finding a so-
lution of the equation [3, 5]

00

0 1 2 N g
MW+ === [ep@u)pxp)d, x>0, “)
ox VI 2
which satisfies conditions (1)-(3) on the wall and far from the wall goes over to the Chapman-Enskog distri-
bution, i.e.,
l-IJ(X!U):LIJas(X!U)-'-O(l)! X_’+°°v u<07 (5)
where Wag(X, M) = 2ug + 2ky(X — 1). From condition (2) we have
W (O, p)=2d, +2d,pu, p>0, (6)

and from relations (1) and (3) we obtain the system of moment integral equations for determining the pa-
rameters d; and d, which characterize interaction of the gas molecules with the wall:
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0 )

(1- ql)Jexp( W% py (0, ) dy = - jexp( M%) (O, ) @)
0 )
(1-ap) [exp (- W) 1y (0, W) du = jexp( 1) 12w (O, 1) du . (8)

—00

Using condition (3), we can transform system (7) and (8) to yield

(1- ) [ exp (- 1) 1y (0, 1) dp ==y (d + Vit dy'2), ®

—00

00

(L= ) [ exp (- 1) W7 (0, 1) du = (2 ) (¥t 2+ ). 1o
We then use the laws of conservation. We obtain the following equations:

00 29

o (=1 W (1) Kokt = [o (= 1) Wag (%, 1) W (K=1,2). (11)

—00 —00

We note that at k = 1 Eq. (11) is a corollary of the law of conservation of momentum, but at k = 2 Eq. (11)
has no obvious physical sense. Calculating the right sides of Eq. (11) and substituting them into (9) and (10),
we obtain the system of equations from which we find

d = v O 1-g; UﬁTl %E Vit [—rk,ﬁ ul %S
Vi-wag a0 %2 2-gq 21W4D 2 ql °2-q,0

The solution of Eq. (4) is sought in the form Y, (x, W) = exp (-x/n)f(n, ), where n is the spectral
parameter or the separation parameter, which, generaly speaking, is complex. We directly come to the char-
acteristic equation

00

M-wfh, W =7”inn(n) , n(n) =J'exp(— W) f(n, W) du.

—00

When n € (—, +), the solution of the characteristic equation at n(n) =1 in the space of generaized func-
tions has the form [6]
1

f(n,w==——nP
Vit n-u

rexp () Ao (N -1,

where
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A @)= 1+z—Iexp( T)%

is Cercignani’s dispersion function [5]; the symbol Px ! denotes distribution — the principal value of the in-
tegral of X1 — and &(x) is the Dirac delta-function.

The dispersion function has double zero at an infinite point. Corresponding to this point, as the dou-
ble point of the line spectrum, there are two eigen (partia) solutions of initia equation (4): Y.(x, 1) = 1 and
P-(x, M) = x— . Out of the eigensolutions of the continuous spectrum, we take those decreasing when
X - +oo, i.e, the set

wn(x,u)=exp(—Vn>§ﬁ—1TP S e ) () 31—

O

for n >0.
We seek the solution of problem (4)-(6) in the form of eigenfunction expansion of the characteristic
equation

00

P (x, 1) = 2up + 2K, (x = W) + [ exp (= x/n) f (n, W) a(n) dn
0

or

00 =200+ 2, (6 + - fep v W e +ep - A a@ e, b, (12
0

where 6.(u) is the Heaviside function.
Substituting (12) into (6), we obtain the singular integral equation with the Cauchy kernel

20, + 20, b = 20~ 24+ j” N80 41+ exp (1) A (W & k), 1>0. (13)
Vit g n-u

We introduce the auxiliary function

(14)

1
N((2=—
o
for which

N"(w) - N (W) =2Vt ipa (), p>0. (15)

Using the boundary vaues N(2) and Ay(2), we reduce Eq. (13) to the Riemann boundary-value problem [7],
which consists of determining the analytical function N(z) whose boundary vaues on the upper and lower
edges of the cut (0, +«) are connected by the boundary condition

Ao (W) IN" () +2 (Ug—dp) —2(dy + k) W] =
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=20 (W IN” (1) +2 (U= ) = 2(dp+k) ], >0, (16)

We consider the corresponding homogeneous boundary-value problem

X" (W)X (W) =Ag (WA (), u>0.

We can prove that the index of this problem is K = 1. Consequently, it has the solution

lje(_:)i_ndl'

X(z)=%expV(z), V@ =1 [
0

where 8(T) = arg Ay(T).
Using the homogeneous problem, we reduce (16) to the problem of determining the analytical func-
tion from its zero jump on the cut:

X" () [N" () +2 (up = dy) =2 (dp + k) M] =

=X (W N (W) +2(Up—d) —2(dp + k) W], 1>0.
Allowing for the properties of the function X(2), we find the general solution of this problem:
N@=-2(Uy—-d)+2(d,+k)z+c/X (2, a7)

where c is an arbitrary constant.

The function N(2) determined by genera solution (17) has a first-order pole at the point z = o in
contrast to the auxiliary function N(2) introduced by equality (14). Eliminating this pole, we find ¢ =
-2(d> + k). Now, according to (17), N(®) = —=2(up — d;) —cV,, where

00

vkz—%ﬁ"‘l[e (-midt, k=12, .., V,=10161914....
0

From the condition N(e0) = O we obtain
Up=d; +(dy +k) V. (18)
It remains only to substitute the above-found d; and d, into formula (18); then

(G —1) (T -vy/2) + (1-TV4) V, (19)
1-Wa+(1-q) (L+Wa-VT V)

Up=k, (2—0p)
Returning to the dimensional variables, we have
[alu, O
Up =Kyl G0 ,
0 d Ddx 0,

where | is the mean-free path determined following Cercignani [3, 4] and Kq is the coefficient of isothermal
dip (see Fig. 1):
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Fig. 1. Coefficient of the velocity of isothermal dlip vs. g, at two values
of g1: g1 = 0.5 (upper curve) and g; = 1 (lower curve).

2 G -1 (Im-nvy/2) + (1 -14) V
Ke=——(2-a)— - -
Vit 1-14+(1-qy) (L+1W4-VVy)
or
0.04722 + (q;7) [0.19885
Kg=(2-0) + () (20)

0.21460 - (1 - q,) [D.01575 "

The classical Cercignani formula for the velocity of isothermal dlip ug = Vik, follows from formula
(19 a0 =0 =23 3.
We consider the case where g; — 0. Then, from (20) we find
_ (2 -0, [0.19885 1
37 0.21460- (1 - q,) 0.01575 * °

whence at g, = 0 we obtain the relation Kg = 2/q;, which coincides with the known Cercignani relation [3].
We note that with change of g, from 0 to 1 the coefficient of 1/q; changes from 2 to 0.92661, i.e., Kg
decreases by 54%.

At gp = 1, it follows from formula (19) that up = k,[0.19501 + (g;)[0.82118], and at q; = 1 we have

B (2 - q,) [0.21808
Yo=K 021260 - 0.01575 (1-qy)

Thermal Slip. The boundary problem of thermal dip boils down to finding a solution of the inhomo-
geneous equation [8]

0 2 1. 1 j 2 . )
— P+ (x, ) +k -==— | exp (- X, 1) du , (21)
o Wruew T% 20 Vh_'[o PH)W(x W) du
which satisfies the boundary conditions

W (0 W) =2d, + 2041, >0, (22)
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Y (X, 1) = 2ug— kTE,l ——D+o(1), X - +00, P<0. (29)

The parameters d; and d, are found from the system of equations (11):

__Vn _ Wt 1-g
dl——7d2, dz—mz_qz(uo—kT/Z).

We seek the solution of problem (21)-(23) in the form

B (6 1) = 200~ ky B2 - ;%i [ep (- 20 (Tf dn +exp (- Ao () a() B, (1) . (29
O O

Using boundary condition (5), from expansion (24) we obtain the equation on the semiaxis 1 > O:

2 (Up - dy) - 20, pt —ky P -2 L ”a(”)

| dn +exp () Ao (W) a(w =0. (25)
[l [l

As before, having used the auxiliary function (17), we reduce Eg. (25) to the problem of determining the
analytical function from its zero jump on the cut:

X" (W) @Kf(wz(uo—dl)—zdzu_k@f__

- - 1
=X (1) BN (1) + 2 (U =) — 2, - ke B =S 1>0.
0 0 [0
The general solution of this problem has the form
N (2) = - 2 (Up — dy) + 2dyz + k; % D+ (Co+ /X (@), (26)
where ¢y and ¢, are arbitrary constants. We note that

X1 (2) = zexp (- V (2)) =z—Vl+%‘Vf vzél+

(Cp+c2/X(2 = (:122 +(Cp—cVy) z+ %1 3 V- VzE‘ c0V1E+ -
U % U U

Eliminating the poles of second and first orders in solution (26) and taking into account the equality N(co) =
0, we obtain ¢; = —kg, cg = —2d, — kyVy,

Substituting the above-found d; and d, into (27), we have

L R-®) (L-WA Ky - (1-ap) (Ft Vy/2-1v4) (28)
0 1-T0/4+(1-qy) (1+TV4 -V Vy) i
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Fig. 2. Coefficient of the velocity of thermal dip Kg VS, Op.

where
Kig=2 @1 V24V, - %@z 0.38316.... (29)

Returning to the dimensiona variables, we obtain that the velocity of thermal dip of the gas is determined
by the formula

_ WinTQ
Up=V Ky Tay
[ [k

where v is the kinematic viscosity and Kty is the coefficient of the velocity of thermal dlip (see Fig. 2),

2527 %) (L-TV4 Ky - (1-0p) (t Viy2-1v4)
™ 1-14+(1-q) (L+ 14—V V) !

or

- (2 - q,) [0.24668 - (1 - @) [0.34553
™7 021460 - (1 - q,) [0.01575

From this, at g, = 0 we obtain Ky = 0.74342. As is seen from (28), the coefficient K4 does not depend on
the value of the coefficient of the tangential pulse of molecules g;. At g = 1, the boundary conditions cor-
respond to purely diffuse reflection of molecules from the surface, with the coefficient K1q passing into the
well-known expression (29) (see, eg., [8, 9]).

For purely specular reflection of molecules from the surface, the coefficient of the velocity of thermal
dip is Kfy = 0.75. We note that the difference between the coefficient of thermal slip Kiy = 0.75 and the
coefficient Ky calculated at g, = 0 is 0.9%.

It is seen from the graphs of Figs. 1 and 2 that Kgq decreases monotonically with increase in gp,
whereas Kyg increases monotonically. As the coefficient q; decreases, the range of Kgq values increases
(broadens) and shifts upward.

The available analysis of the experimental data on the coefficient of accommodation of the tangential
pulse q; [1] shows in most cases that the values of g; are close to unity. As arule, they lie within the range
0.95-1.00. At the same time, direct experimental data on the coefficient of accommodation ¢, are absent.
However, the value of Kyg can be evaluated from the data on the rate of thermophoresis aerosol particles. For
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large spherical particles, when Kn = I/R<<1 (I is the free path and R is the particle radius), the following
relation holds for the rate of thermophoresis [10]:

_ Ke
Ur = — 2vK1g4 @+ 2K, grad (InT)

It follows from the analysis of experimental data [10] that the values of the coefficient K14 lie within
the range 1.1-1.2. Hence, we can make inference that the values of g, are close to unity. Thus, Cercignani’s
kinetic model, where gz = 0, is in contradiction with the experimental data.

The foregoing analysis of the dependence of the coefficients of isothermal and thermal slip on the
parameters g; and g, shows that the use of these coefficients allows one to approximate (simulate) mirror-dif-
fuse boundary conditions with an accuracy higher than 1% for problems of gas dip. At the same time, the
boundary conditions considered are more adaptable than the mirror-diffuse ones, since they make it possible
to take into account different degrees of accommodation of any moment of the distribution function over the
velocities of gas molecules.

The boundary conditions suggested can be used for describing other types of dlip (Barnett, diffuse,
etc.) of both simple gas and gas mixtures.

This work was carried out with financia support from the Russian Foundation for Basic Research,
project code 99-01-00336.

NOTATION

fo, absolute Maxwellian; ¢, dimensionless velocity of molecules, ¢ = Vm/2kTv; v, dimensiona veloc-
ity of molecules; k, Boltzmann constant; m, mass of a molecule; g, coefficient of accommodation of the
tangential pulse of molecules (first moment of the distribution function); g, coefficient of accommodation of
second moment of the distribution function; Ky, coefficient of isothermal dlip; Ktg, coefficient of thermal
dip; k, and ky, gradients of mass velocity and temperature; |, mean free path determined according to Cercig-
nani [3, 4]; v, kinematic viscosity of the gas; Ke, thermal conductivity of the gas; k;, therma conductivity of
the particle; Kn, Knudsen number; R, particle radius. Subscripts: as, asymptotics; d, dip; Td, therma dlip; T,
temperature; e, external; i, internal.
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